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Abstract
We have studied anomalous diffusion of a particle in a random medium in which the passage of the particle may modify
the state of the visited sites. The simplicity of the dynamics allows analytic solution. Interesting propagation and organization
behaviors will be reported.  2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
Anomalous diffusion of a particle in a random
medium has been a well studied topic in condensed
matter physics. The most striking behavior in the
particle dynamics is observed when the passage of
the particle modifies the state of the visited sites.
The investigation can naturally be extended to many-
particle systems.
Boon and his coworkers [1] considered a prototype
in which a particle is moving on a one-dimensional
lattice whose sites are occupied by scatterers with the
following properties:
(i) the state of each site is defined by its spin (up or
down);
(ii) the particle arriving at a site is scattered forward
(backward) if the spin is up (down);
(iii) the state of the site is modified by the passage of
the particle (up ⇔ down).
A simple case is shown in Fig. 1(a). At time t = 0,
the spin of the first site is down while the spins at
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other sites are randomly distributed on the lattice with
a probability p of up spins. The particle is initially
located at the first lattice site, and its velocity v is
one step per unit of time to the right. They found
that after the passage of the particle through the one-
dimensional lattice, all the spins are in a state opposite
to their initial state (↑⇔↓) with one lattice site shift
in the direction opposite to the propagation direction.
They also found that the average propagation velocity
is given by
〈v〉 = 1
3− 2p . (1)
Moreover, they showed that the particle moving on a
one-dimensional lattice will visit a site with spin down
(initially) twice and a site with spin up (initially) once,
i.e. it spends 2 more units of time on passing a lattice
site with spin down. Hence, the propagation velocity v
is given by
v = Nup +Ndown
Nup + 3Ndown , (2)
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Fig. 1. (a) Propagation of a single particle on a one-dimensional lattice; (b) propagation of a single particle on a circular lattice.
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where Nup and Ndown are the numbers of sites (visited
by the particle) with spin up and spin down, respec-
tively.
2. Periodic boundary condition
By extending the above ideas to the periodic bound-
ary condition, i.e. by identifying the first and last sites
of the chain, Boon and his coworkers proposed that if
the particle propagates clockwise on the circle, there
will be a counterclockwise drift (two lattice sites back)
of the initial spin configuration every two cycles, and
the average velocity will be given by:
〈v〉 = 1
2
(
1
3− 2p +
1
3− 2(1− p)
)
. (3)
We perform numerical simulation in which a single
particle moves on a circular lattice as shown in
Fig. 1(b). The spin configuration and the propagation
rules of the particle remain the same as those proposed
by Boon. At time t = 0, the spin of the first site is down
while the spins at other sites are randomly selected as
either up or down. The particle is located at the first
site, and its velocity v is one step per unit of time in
the clockwise direction. At t = 7 the particle goes back
to its initial position with a clockwise propagation
velocity v, we say it has just finished one cycle on the
lattice. At t = t1 the particle has just finished one cycle
and the spin configuration is the same as the initial
one, we say the spin configuration has just undergone
a change of one period and T = t1.
3. Spin configuration
Now we define “1” and “0” as spin up (↑) and
down (↓), respectively. Consider two examples shown
in Fig. 2. We use “00111” to represent the initial
configuration of the lattice in Fig. 1(b) and consider
one more lattice with spin configuration “01111”. The
difference between the initial spin configurations of
the two lattices is the spin state of the second site.
We find that the shift pattern of the spin is not
exactly the same as that proposed by Boon. Instead,
at the end of one cycle the spin configuration of the
lattice has the following characteristics:
(i) the first site is spin down;
(ii) the spin state of the last site is the same as that of
the second site in the previous cycle;
(iii) all the remaining spins are in the state opposite
to their state in the previous cycle with one
lattice site shift in the direction opposite to the
propagation direction.
Fig. 2. Change of spin configurations of two circular lattices within a cycle.
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Fig. 3. Average velocity of the particle against time for several circular lattices.
Fig. 4. Conversion of a circular lattice to its effective one-dimensional lattice.
4. Average propagation velocity
Our result shows that the average propagation ve-
locity is given by 〈v〉 = 1/2, regardless of the initial
spin configuration. We also find that the period of the
spin configuration T is finite. The average propagation
velocity 〈v〉 fluctuates around 1/2 and approaches ex-
actly 1/2 at the end of each period. Several examples
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are shown in Fig. 3. The spin up fraction of the lattice
(excluding the first site) is denoted by f .
The striking results can be explained by the fact that
a particle moving on a circular lattice can be regarded
as a particle moving on an effective one-dimensional
lattice. An example is shown in Fig. 4: column 1 shows
the spin configuration at the end of each cycle, i.e. the
particle arrives at the first lattice site with a clockwise
velocity; column 2 shows the spin states of the next
four lattice sites, i.e. the second to last lattice sites seen
by the particle, at that moment; column 3 shows the
spin configuration when the particle arrives at the last
site with a clockwise velocity at each cycle; column 4
shows the spin state of the next lattice site, i.e. the first
lattice seen by the particle, at that moment. According
to the information given by columns 2 and 4, in the
moving frame of the particle, it propagates on a one-
dimensional lattice with an initial spin configuration
shown in column 5 which consists of half spin up
lattice sites (excluding the first lattice site). Fig. 5
Fig. 5. (a) Position of particle on circular lattice (with 00111 as
initial configuration) against time. (b) Position of a particle on (a)’s
effective one-dimensional lattice against time.
shows the position of the particle on this circular
lattice and its effective one-dimensional lattice against
time. After the passage of a particle through a circular
lattice till the spin pattern undergoes one period’s
change, it has visited equal numbers of sites with
spin up and spin down. According to Eq. (2), the
propagation velocity v of the particle is therefore equal
to 1/2.
5. Conclusions
In summary, when a single particle moves on a
periodic boundary condition, its average propagation
velocity 〈v〉 is equal to 1/2, regardless of the initial
spin configuration because the situation is the same as
that a particle moving on an effective one-dimensional
lattice having equal numbers of sites with spin up and
spin down (excluding the first lattice site). When the
particle arrives at the first site of the lattice at the end
of each cycle, the spin configuration has the following
characteristics:
(i) the first site is spin down;
(ii) the spin state of the last site is the same as that of
the second site of the previous cycle;
(iii) all the remaining spins are in the state opposite
to their state in the previous cycle with one
lattice site shift in the direction opposite to the
propagation direction.
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